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Abstract 

We describe a multivariable polynomial invariant for certain class of non 
isolated hypersurface singularities generalizing the characteristic polynomial 
on monodromy. The starting point is an extension of a theorem due to Le and 
K.Saito on commutativity of the local fundamental groups of certain hyper¬ 
surfaces. The description of multivariable polynomial invariants is given in 
terms of the ideals and polytopes of quasiadjunction generalizing correspond¬ 
ing data used in the study of the homotopy groups of the complements to 
projective hypersurfaces and Alexander invariants of plane reducible curves. 


1 Introduction 


One of the central results in the study of the topology of algebraic hypersurfaces near 
a singular point is the assertion that the complement to the link of a singularity is 
hbered over the circle with the connectivity of the hber depending on the dimension 
of the singular locus of the hypersurface (cf. 0 ). More precisely, if X C 
is a germ of such a hypersurface, SingX is the singular locus of X which we shall 
assume contains the origin 0, k = dimX and is ball in of a sufficiently small 
radius e centered at 0, then there is a locally trivial hbration — dB^, ft X —>■ S^. 
Moreover, the hber Fx of this hbration is n — k — 1-connected (i.e ni{Fx) = 0 for 
1 < i < n — k). Existence of a locally trivial hbration allows to restate this Milnor’s 
result as follows: the cyclic cover of dB^ — dB^ fl X corresponding to the kernel of 
the map 7ii{dB^ — dB^ flX) ^ Z sending a loop to its linking number with dB^nX 
k — 1-connected. In fact this cyclic cover is homotopy equivalent to Fx. 


IS n 


In present papers we consider the abelian rather than cyclic covers of the com¬ 
plement dB^ — dB^ n X and study their connectivity. It is easy to see (cf. lemma 
|2.1|) that Hi{dB^ — dB^ flX) = 7/ where r is the number of irreducible components 
of X i.e. a hypersurface must be reducible in order that its complement will admit 
abelian but non cyclic covers. This forces singularities already in codimension 1. 
We shall assume that these singularities, inherently present in the cases when non 
cyclic covers do exist, are normal crossings except perhaps for the origin. In this 
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case the Milnor fiber has the fundamental group isomorphic to (cf. and 
|4.6|) but the universal abelian cover is [n — l)-connected i.e. making this situation 
analogous to the case of isolated singularities in cyclic case. This result is proven in 
section ^ Standard arguments with hyperplane sections show that if a germ of a 
singularity has non-normal crossings only in dimension k then Tii{dB^ — dB^P[X) = 0 
for 2<i<n — k — 1. The fundamental group TTi{dB^ — dB^ fl X) is abelian as 
was shown by Le Dung Trang and K.Saito (cf. |^) and hence is isomorphic to 7/. 
Therefore section ^ can be viewed as a generalization of the result of Le-Saito which 
takes into account dimension of the locus of non normal crossings. 

In the case n = 1 the topology of abelian covers of the complements to the union 
of irreducible germs was studied in |^. This case is similar to the one considered 
in this paper but the role of the homotopy group is played by the homology of the 
universal abelian cover. Indeed in the case of isolated non normal crossings of a 
union of germs of r hypersurfaces (INNC) the homology and the homotopy of the 
universal abelian covers are isomorphic (cf. section |2.3|) . In [0 we described an 
algebro-geometric way to calculate the support of the homology of universal abelian 
cover endowed with the structure of Z^-module. In this paper we generalize this 
method to the case of isolated non normal crossings. More precisely we consider the 
C[Z^]-module 7Tn{dB^ — dB^^ fl X) C. Its support, can be defined as the set of 
points X G SpecC[Z’'] = C*^ such that: 


{nnidB, - 95, n X) ®z C) -dB^nx) 7 ^ 0 

(we identify Spec[ 7 ri( 95 , —95,nX)] and Char( 7 ri( 95 , —95,nX) using isomorphism 
of their rings of regular function obtained by viewing elements of Z^ as functions 
on Char(Z'’); here is C with the action of 7 G 7 ri( 95 , — 95, fl X) given by 
multiplication by xil))- Notice that the study of the homotopy groups of the 
complements with module structure when the fundamental group is Z started in 
pr3| , [p!^ , in, m and in the context of non isolated singularities in |T 8 . 

Support loci for homology groups of the universal abelian cover of a CW complex 
may have arbitrary codimension in SpecC[Z^] (cf. e.g. calculations in [^). We 
show, however, that in the case of isolated non normal crossings co(izmSupp 7 r„( 95 ,— 
95, n X) ( 8 )z C is equal to one. In fact we calculate several components of the 
support of the homotopy group in terms of a resolution of the non normal crossing 
singularity. These components correspond to faces of polytopes constructed here 
from resolutions and are called the principal components. This calculation is given 
in terms of certain ideals associated with the singularity generalizing the ideals of 
quasiadjunction studies in |^ in multivariable version and in |^, in the case 
of one variable polynomial invariants. 

This suggests a polynomial invariant 5(ti, ti^, ...,tr, t~^,X) of INNC’s defined as 
a generator of the divisorial hull of the first Fitting ideal of 7 r„( 95 , — 95, flX) ®z C 
(it is well defined up to a unit of the ring of Laurent polynomial). In cyclic case 
this polynomial is the characteristic polynomial of the monodromy. An interesting 
problem is to isolate the cases then the support of 7 r„( 95 , —95,nX) consist entirely 
of the principal components described in this paper. 
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The content of the paper is the following. In the next section we discnss techni¬ 
cal resnlts nsed in the paper: (T, ?7,)-coniplexes, Leray-Mayer-Vietoris seqnence and 
other preliminary results. In section ^ we prove mentioned above extension of the 
theorem of Le-Saito. Next we show that the zero sets of Fitting ideals of homotopy 
modules, which we call the characteristic varieties of the homotopy groups (cf. ||16||), 
can be used to calculate the homology of abelian covers of branched over the 
intersection of the latter with a germ of INNC. Characteristic varieties also deter¬ 
mine the homology of unbranched covers of the complement to a germ of INNC in 
dB^ as well as homology of the Milnor hber. These results generalize corresponding 
results in dimension n = 1 which appear in |]T3 in unbranched and in [^] in un¬ 


branched case. In section ^ we calculate what we call “the principal component” of 
the support of the characteristic variety in question in terms of ideals and polytopes 
of quasiadjunciton. In the last section we provide examples and several concluding 
remarks relating introduced here ideals and polytopes of quasiadjunction to mul¬ 
tiplier ideals and log-canonical thresholds. Complete calculation of characteristic 
varieties remains an interesting problem. 

I want to thank A.Dimca for careful reading of an earlier version of this paper 
and his useful comments. I also thank the organizers of the Vll’th workshop on 
Singularities for their warm hospitality during my visit to San Carlos. 


2 Preliminaries. 

2.1 Complements to reducible germs 

We continue to use the notions from the Introduction i.e. X = Ui=i -Dj C is 

a union of germs of singularities and B^ is a small ball about the origin. We shall 
start with the following: 

Lemma 2.1 Hi{dB^ — dB^ fl X) = TI 

This is immediate consequence of the Alexander duality and Mayer Vietoris exact 
sequence since dB^ fl X is a union of r (2n — l)-dimensional manifolds intersecting 
pairwise along {2n — 3)-submanifolds. 

Notice that the identification with Z” = depends on the ordering of 

irreducible components of X. If such selection is made, the isomorphism in 
sends e* to a loop having the linking number with z-th component equal to 1 and 
zero linking number with the remaining ones. 

Our main result on the homotopy groups 'Ki{dB^ — dB^ 0 U Hj), which we prove 
in the next section, is the following: 

Theorem 2.2 Let X = A C he is union of r irreducible germs with 

normal crossings outside of the origin. Ifn>2, then 

TTiiidB, - dB, n X) = Z” TTkiidB, -dB,nX) = 0 hi 2 < k < n 
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The term ” normal crossings outside of the origin” is used in the sense that each 
components is non singular outside of the origin and intersection of components 
at each point outside of the origin is the normal crossing. The claim about the 
fundamental group is immediate consequence of the result of Le and K.Saito (cf. 
IjT^) coupled with lemma 

Here we just point out that theorem yields the following: 

Corollary 2.3 Let NN{X) be the non-normal locus of X = Ui=i-Di he. subset 
of X of points at which X fails to be a normal crossing divisor. If codimension of 
NN{X) in X is greater than 1 then: 

= Z^ and ^lk{^B,-^B,f^X) = Q for 2 < k < n-<limNN{X) 

Let us consider generic linear subspace L in having codimension equal to 
dimNN{X) and passing through the origin. Then by a theorem of Le and Hamm 
(cf. 0) 7 rfc(L n dB^ — dB^ fl X) = 7rk{dB^ — dB^ fl X) for k < dimL — 1. Hence the 
corollary follows from theorem | 2 . 2 | . 

2.2 Action of on higher homotopy groups 

Fundamental group of a CW-complex acts on the homotopy groups 7 rj(X) via White- 
head product (cf. [^). If n > 2 and one has vanishing: 7 rj(X) = 0 for 2 < i < n 
then such action on 7 r„(X) coincides with the action of the group of covering trans¬ 
formation on Hn{X) = 7 r„(X) = 7 r„(X) where X is the universal cover of X (the 
first equality is the Hurewicz isomorphism). 

We shall use the functoriality of this action. In particular if p : Y —X is a 
circle hbration, 7 G tii{Y) is an element corresponding to the hber and x G TTj{Y) 
we have: ^*(7 • x) = p*{'y)p*{x) = p^{x). Since p^, : 'XjiY) —>■ vrj(X) is injective for 
j >2 the action of 7 is trivial. 

2.3 Complexes with vanishing low dimensional homotopy 

Definition 2.4 (j^) A complex K is called a (T, k) complex if: 

1. dimK = k 

2 . 7ri(X) = T 

3. 7ii{K) = 0 for 2 < i < k — 1. 

For certain F the homotopy type of a (F, k) complex is determined by the Euler 
characteristic. Class of such groups includes Z” (cf. |^, |^). In particular a (Z”,n) 
complex is homotopy equivalent to a wedge of the n-skeleton of a n-torus (S*^)” 
wedged with several copies of S'"'. 

2.4 Leray-Mayer-Vietoris spectral sequence 

Let X be a paracompact topological space and let AA = {Mi\i G 5} be a locally finite 
cover of X by closed subsets. For a sheaf .4 on X one has the Leray spectral sequence 


2.1 
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(cf. [Q Th. 5.2.4) which is one of the two spectral sequence corresponding to the 
double complex: = ®ca.rAS=p+iC^{P\i^sMi^ A) with Cech and usual 

cochains differentials. It has as abutment A) and = Hp{A4,H‘^{A)). 

Here T-E{A) is the system of coefficients on the nerve of the cover M. given by 
S —> H^{Ms,A) where S' is a subset of the set S. Moreover = 

©Cards=p+i-ff^(^s, Applying this to the case of finite union of closed subsets 
A = Uie5 Xj, a constant sheaf A and denoting X^^ = U A^io © .... fl Xi^ we obtain 
the spectral sequence: 

= H'^iX^P^) => HP+\X) ( 1 ) 

Example 2.5 In the case CardS = 2 this spectral sequence is equivalent to the 
Mayer-Vietoris exact sequence. Indeed, only terms E^’^ = H^{Xi) ® H^{X 2 ) and 
E\’^ = iS^(XinX 2 ) in El-term of the spectral sequence & are non trivial. Moreover 
^ 2 ’" = Keri79(Xi)©i7'?(X2) ^ m{XinX 2 ) and E^’^ = CokeiH^iXi) ®H^{X 2 ) 
H'^{Xi n X 2 ). Since the other differentials must be trivial one has: 0 ^ E^'^ — > 
H^{Xi n X 2 ) — > E 2 ^~^ — > 0. The exactness of this sequence is equivalent to the 
exactness of the Mayer-Victories. 


3 Homotopy vanishing. 


In this section we shall prove the theorem 2.2. 


Step 1. The action of 7ii{dB^ — UiDt) on 7ij{dB^ — UiDt) is trivial if j <n — 1. 


Let Ty/ be a sufficiently small tubular of one of the hypersurfaces Di in B^,. Let 
L be a generic hyperplane passing through the origin which belongs to Ts^i. By a 
Zariski-Lefschetz type theorem (cf. |P) we have surjection for j < n — 1 and an 
isomorphism for j < n — 1 (the hrst and last equalities due to the conical structure 
of singularities and are valid for all i): 

7ij{dB^-UiDi)nL) = 7ij{{B^-UiDi)nL) 7ij{{B^-UiDi)) = 7ij{dB^-UiDi) ( 2 ) 

This implies that the second map in the composition: 


nj{d{B^ - UiDi) nL) ^ T^jiTs^i © dB^ - UjA) ^ Tij{dB^ - U^A) (3) 

is surjective for j <n — 1 

On the other hand we have a locally trivial fibration: 

Ai n {dB, - UiA) ^ dB, n (A - A Di) (4) 

which yields that the action on rjlfTs^i fl {dB^ — UiDi)) of the element of ni{Ts^i fl 
(cIA ~ UiDi)) corresponding to the loop which the boundary of the transversal 
to Di disk in cl A is trivial (cf. sect. p.2|) Therefore the action of the element of 
7ri(cIA ~ UDi) corresponding to the boundary of a small 2-disk normal to Di fl dB^ 
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in dB^ on TTi{dB^ — UDi) is trivial for j < n — 1. Since this is the case for all 
Z, (Z = 1, ...,r) and nii^dB^ — UDi) is generated by these loops the claim follows. 


( 5 ) 


Step 2. For j < n — 1 one has the isomorphism: 

Hj{dB, - UA) = A'(Z'-) 

and for j = n the surjection: 

Hn{dB, - U,A) ^ A"(Z’') (6) 

First notice that exact sequence of the pair {dB^, dB^ — UiDi) and the duality yields: 

Hj {dB, - UiA) = {dB, n UiA) (7) 

The spectral sequence 

=> HP+'i{UidB, n A) (8) 


discussed in p.4| in the case Xi = Di (1 dB^ has non zeros in the term A only for 
g = 0, n — 1 — p, n — p, 2n — 1 — 2p. Moreover = ©io< <ipAZ'^"'“^“^(Ao Fl 

....nAJ = A>’+i(Z’-) as can be seen by induction from the Mayer-Vietoris sequence. 
For p + g > n + 1 the terms in E\'^ are unaffected by subsequent differentials and 
hence: 


AP(Z") = _ A’^-P(UiA) = Hp{dB,-VJiDi) (p < n-1) 

(9) 

If r < n then A’^ = 0 for p > r and for p = n it follows that Ei = A"'(Z'') = 0 
which proves the claim if the number of components of the divisor is less than the 
dimension of the ambient space. On the other hand the case of arbitrary r can be 
reduced to this one as follows. Notice that adding sufficiently high powers of new 
variables to equations defining DiS yields the system of r equations defining INNC 
UDj in such that all sections of UA by linear subspace through the origin are 
diffeomorphic (since by Tougeron’s theorem adding terms of sufficiently high degree 
does not change topological type). By Lefschetz theorem (cf. 0) one has surjection 
7r„(9A ~ UjA) 7i'n(^A ~ UjA) = X^T/'. Taking N > r we obtain the claim. 


Step 3. End of the proof. 

We shall finish the proof of the theorem 


For j = 1 the claim is proven in [10 


by induction over j in 7rj{dB^ — UDi). 
Next assuming vanishing of the homotopy up 
to dimension j — 1 let us consider the five terms exact sequence for a space X on 
which a group tt acts freely ((vr^A is the quotient of covariants): 


A+i(a') A+iW ^ ^ A(^) ^ 0 (10) 

In the case when X is the universal abelian cover of dB^ — dB^ fl U* Di and tt = 
7ri(9A — n (Ui<j<r Di)) it follows from the step 2 and the isomorphism tt = Z*” 
that the right homomorphism is isomorphism for j < n — 1, while the left is the 
isomorphism for j < n — 2 and surjective for j = n — 1. On the other hand the 
step 1 yields that (7rj(X))^j = 7ij{X). Hence nj{X) = 0 as long as j < n — 1 which 
yields the claim of theorem |2.2|. 
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4 Homotopy module and the homology of abelian 
covers. 


We shall describe now the characteristic varieties corresponding to INNC, which are 
the invariants of the hrst non-vanishing higher homotopy group of the complement to 
the link. Then we shall use them to calculate the homology of the covers associated 
with INNC and the homology of Milnor hbers of INNC’s. 


Definition 4.1 Homotopy module of an INNC is 7in{,dB^ — dB^ fl (Ui<i<r Di) con¬ 
sidered as the module over 7ii{dB^ — dB^ fl (Ui<j<r A)- 


Let Char(7ri((i5e -dB^D (Ui<i<r A))) = Hom(7ri(ci5e - 95, n (Ui<i<r. A)), C*) be 
the group of characters of the fundamental group. This group can be identihed 
with SpecC[7ri(95, — 95, n (Ui<i<r A))] since any 7 G 7ri(95, — 95, fl (Ui<i<r A)) 
dehnes the function x —>• 7 ( 7 ) on the group of characters and so does any linear 
combination of the elements of the group algebra. 

Let R = C[7ri(95, — 95, fl (Ui<i<r A))]- Using the identihcation of 7ri(95, — 
95, n (Ui<i<r A)) = Hi{dB^ — 95, n (Ui<j<r A)) with 7/ from ^ we obtain 
identihcation of R with the ring of Laurent polynomials C[ti, •••UrUr^]- The 


fc-th Fitting ideal of the homotopy module [4.1| is the ideal generated by the minors 
of order {n — k -I 1) x (n — /c -|- 1) of the map <F ; 5™ — > R!^ such that Coker<F = 
7 r„(95, - 95, n (Ui<i<r A) ®z C (cf. 0). 


Definition 4.2 k-th characteristic variety 14(X) of an isolated non-normal cross¬ 
ing X = Ulz[Di is the subset of zeros of the k-th Fitting ideal in SpecC[ 7 ri( 95 , — 
95, n (Ui<i<r A))]- Alternatively (cf. /|7^/j this is the set of P such that 

rkcvr„(95, - 95, fl X) (g)z C '^^paB,-aB,nx) Cp > k 

with the structure of 7 ri( 95 , — 95, fl X)-module on Cp defined as the standard 
structure on a guotient o/C[ 7 ri( 95 , — 95, H X)]-module (cf. /(7^/j. 


Notice that if Xi is obtained from X by deleting the component 5j we have sur¬ 
jections V’i : 7 ri( 95 , — 95, n X) —> 7 ri( 95 , — 95, fl Xj) and hence embedding: 
ip* : Spec[ 7 ri( 95 , — 95, fl Xj)] —>• Spec[ 7 ri( 95 , — 95, fl X)]. 


Definition 4.3 The nonessential part of k-th characteristic variety of INNC X 
is the subset of this characteristic variety which consist of points which belong to 
Imtp*{Vk{Xi)). Complement to the non essential part is called the essential part of 
characteristic variety. 


Now we shall describe the homology of branched and unbranched covers in terms of 
characteristic varieties. For each P G SpecC[ 7 ri( 95 , — 95, fl X)] let: 


/(5,X) = {maxA: |5 g14(X)} 

We have the following: 


( 11 ) 
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Proposition 4.4 LetUmi,...,mr be unbranched cover of dB^— Di) corre¬ 
sponding to the homomorphism 7ri(9-Be — fl (Ui<j<r-^i)) = ^ ©i<j<rZ/mjZ. 

Then 

C) = AP(Z’-) p<n-l 

^ fu;„...),7r4dB,-dB,n{[J A)) 

-r=i 

A proof, similar to the one given in in the case of links in S^, can be obtained 
by applying the sequence (0) to the case when X is the universal abelian cover of 
dB^ — dB^ n (Ui<j<r Di) and when tt is the kernel of the homomorphism 7Ti{dB^ — 
dB^ n (Ui<i<r-0*y) = Z’’ —^ ©i<j<rZ/mjZ. 

In branched case we have: 


Proposition 4.5 Let Kni,...,mr be branched cover of dB^ branched over 
dB^ n (Ui<i<rA) with the Galois group G = ©i<j<rZ/miZ. For each x ^ CharG 
let = {i\l < i < r, x(ZmJ 7^ 1} where Z^^ is the i-th summand of G. Such x can 
also be considered as a character o/7ri(5A — dB^ fl (Uie^ A)) in which case it will 
be called reduced and denoted Xred- Let be the branched cover of dB^ branched 
over dB^ fl (Uie^ A) and having Imx = G/Kerx as its Galois group. Then 

^p(hrni,...,m,.) 0 1 

Y. /(Ar-ed, UA) 

XSChar *6© 

Proof. The abelian cover Kni,...,mr is the link of an isolated complete intersection 
singularity: 

= fl{Xl, -^Xn), = fr{Xl, ...,Xn) (12) 

where fi{xi, ...,Xn) = 0,1 < i < r is an equation of the divisor A- Hence we obtain 
the hrst equality in the proposition (cf. |^). 

For X £ CharG and a G-vector space W let = {tc G W\gw = x{9)w}. We 
also will denote by the unbranched cover of 5A—t?An(Ui<i<r Di) corresponding 
to the subgroup Imy C G. We have = Gmi,...,m,./Kerx and = lA,^,...,m^/Kerx. 
Hence 

HpiV^, C) = C)Kerx (13) 

(on the right is the quotient group of covariants: 

Hp{Vm,,...,m., C)/(l - (?) A(Kni....,™., C) 
with g G Kerx). The latter implies that 

. .nX = W(Wr . mX ^ ( 14 ) 

If a character x is such that x(ti) ^ ^,9 F: i ^ c where tfs are the standard 
generators of Hi{dB^ — dB^ fl (Ui<i<r Df) (cf. section |2T|) then 




Indeed in the exact sequence of the pair: 




mi , 


Hn{U, 


mi, 


Hn{Vr 


mi, 


Hn{Vr 


mi, 


^,u, 


mi, 


the terms on the ends are isomorphic to the cohomology of preimage of branching 
locus of the cover. All eigenspaces there have characters trivial on one of ti which 
yields ([T5|). Finally for a character y such that xith) = ••• = xi^ik) = 1 we have: 


= ^n(VAi,...,m„..mJ^ = i^n(f/mi,...m.,..,mj^) (* = A, -Afc) 

( 16 ) 

(the second equality takes place since for selected y the space constructed for 
Vmi,...,mr and are the same. Now the conclusion follows form the propo¬ 

sition ^ 

Similar to the above approach can be used to describe the homology of the Milnor 
fiber of the singularity of X in terms of the homotopy module. 


Proposition 4.6 The homology of the Milnor fiber Fx of the INNC singularity X 
is given by: 

Hp{Fx, Z) = AP{Z^-^) for 1 < p < n 

The action of the monodromy of this homology is trivial. The multiplicity of oj ^ 1 
as a root of the characteristic polynomial An{X,t) of the Milnor’s monodromy on 
Hn{Fx, C) is egual to: 

= /((•••,a;,...), A) = max{i|(a;, G VfiX) C SpecC[7ri(5i?e — fl X)]} 

Proof. As follows the from Milnor’s hbration theorem (cf. [^), the Milnor hber 
is homotopy equivalent to the cyclic cover of dB^ — dB^ ft X corresponding to the 
subgroup = Kervr C nfidB^ — dB^PX) where the homomorphism tt : nfidB^ — 
dB^ n X) —^ Z is given by Cj —>■ 1 with generators Cj described in 0. The hbration 
of the classifying spaces corresponding to the homomorphism vr: is trivial 

and hence the action of the monodromy yielded by on the cohomology of the 
classifying space of Kervr is trivial as well. We have 7ri(Fx) = Kervr = Z'’”^. We 
can calculate the homology of the Milnor hber using the induction starting with 
j = 2 and the exact sequence (pTl) corresponding to the group acting freely on the 
universal abelian cover with the quotient Fx. In this case it looks as follows: 


i/j+i(FA-) ^ ^ (HjldB, - dB, n x)z.-.) - Hj(Fx) ^ ^ 0 

( 17 ) 

As long as j < n the middle term is trivial by vanishing theorem of section |] 
and we obtains the hrst claim of the proposition. For j = n the second from the 
left term may ahect only the root f = 1 of A„(X,f). Other roots of A{X,t) are 
the elements of characteristic variety of C[f, f“^(-module Hn{Fx, C) and the second 
claim follows since the map SpecC[f, > SpecC[7ri(c?i?e—^i^eflX)] corresponding 
to homomorphism tt is given by a; —»• (a;, ...,a;) (cf. [0). 
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Proposition 4.7 Let X be a germ of INNC having r — 1 irreducible components 
and let D be a hypersurface with isolated singularity at the origin. Let in be the 
surjection: Tii^dB^ — dB^ ft (X U D)) —> 7ii{dB^ — dB^ fl X) inducing the map of the 
groups of characters: 

i*o : Char7ri(a5, - dB, H X) ^ C\nxiri{dB, - dB, n {X U D)) 

Then 

i*D{Vi{X) n Tor Char7ri(a5, - dB, nX)cVi{XU D) 


Proof. First notice that if P is a link of INCC and h is a diffeomorphism of Y 
leaving irredncible components and their orientations invariant then 

dimP 

K\Hi{Y,Z) = id for [—-—] + 1 < i < dimF (18) 

(here [...] denotes the integer part). This follows from the Mayer-Vietoris spectral 
sequence considered in section ^ Indeed, the action of h* is trivial on the terms 
with p+q> -1-1 since each such non zero Ei’^ is generated by the fundamental 

class of a link of isolated hypersurface singularity. 

The map if), in coordinates dual to coordinates from the identihcation described 
in ^T| : Hi{dB^ — dB^^ fl X, Z) = takes (a;i, ...,ujr-i) —>■ (cui, ...,u!r-i, 1) (where 
oji is a root unity of degree mi). Let ^ dB^ - dB^ fl X be 

the covering map. We have the exact sequence: 


..n (dB, - dB, n A'))) ^ .^ 

^ ..„,,_,(C’n (aB, - 8B. n A)),t;„,.^ (19) 

Using Lefschetz duality one obtains that the above relative homology group is 


isomorphic to 




mi 


_,(B>nB,),t-;.„,_.(B>nAnB.)) 


( 20 ) 

7r“( (DndBf:), which is the abelian cover of DndB^ branched over ZlflX HdB^ 

can be identihed with the link of singularity 


u 


mi 


= gi{Xi,...,Xn+l),...,ufj^ = gr{Xi,...,Xn+l), f{Xi,...,Xn+l) = 0 


where gi are the equations of the components of X and / is the equation of D. 
Similarly the preimage of the ramihcation locus 7tmi,..,mr-i can be identihed with 
the link of INNC. Hence the exact sequence of pair and (^) yield that the action 
of the covering transformation on the last term in (|^ is trivial. Therefore the 
multiplicity of the character corresponding to (cui,..., cu^-i) in Hn{Umi,..,mr-i) does 
not exceed the multiplicity of (wi, 1) in -7r“(_,..^^^_^(T>)). Now 

the result follows from Prop. |T4. 


Remark 4.8 The proposition \f.'\ shows that non empty components of an INNC 
X containing the torsion points (in particular principal components described in 
the next section) always define components of characteristic varieties of homotopy 
modules of X' obtained from X by adding extra-components. 
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5 Polynomial invariants of INNC. 

In this section we show how one can calculate the components of characteristic 
varieties using resolution of singularities. 

Recall hrst the results on the mixed Hodge structure on the cohomology of links 
of isolated singularities (P3). Let R be a germ of a complex m-dimensional space 
having isolated singularity at p G R and L be the link of this singularity. Let 
Ti \ V —R be a resolution such that the exceptional locus E is & divisor with 
normal crossings. The cohomology groups H*{L), which can also be viewed as the 
cohomology with support carry the canonical mixed Hodge structure (cf. 

m (1.7)). Its Hodge numbers we denote 


EP^{L) = dirnGr'j.GrlGr^m^L) = dimG'4G4Gr(^'?iL|+^(R) 

We will need the expression of in terms of differentials on the smooth part of 
R. We have: 

(cf. Cor.(1.12), the hrst exact sequence and Gr^gH^^{V) = 0 for p + q ^ 

i,i ^ Notice that Mayer Vietors exact sequence and induction over the number 
components of E yield that (E) = 0 if i>m — lorj>m — 1 since each 

irreducible component of E has dimension equal to m — 1. Therefore: 


r2m—i / 


( 22 ) 


Moreover, the Fujiki duality Hom(iL*(i?), Q(—m)) = LTjR *(R) (cf. (1-6)) 

allows to interpret the cohomology of E in terms of cohomology of with support on 
E: 


where 




Filtrations on have the form: 


H^+l ^ pO ^ pl^ ___ 3 pm+l 


D 0 


0 = W™ C W^+i... c W 2 m = 

Therefore, since Ep>m+ 2 ,a+b=^ = 0, 

we have: 

+ 1 < y; < 2m) (23) 


Hence: 

, {m+l)(m+l)0 . ,(m+l)(m+l)(l—m-l) 


dirnWm+iF^^^H^^^ = dimH\Win'^{\ogE)/n^) 
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The last equality is a consequence of the bifiltered isomorphism H’^iV) = 


H*(r2~“^(logii^)/r2~“ ) (i.e. respecting weight and Hodge filtrations) with the Hodge 
hltration on the latter obtained from the spectral sequence starting with 
H^{yViVt^~i\ogE)/Vf-) and abuting to H*(lT;r2~“^(logT^)/r2~“^) and degeneration of 
this spectral sequence (cf. [^,(1.6)). We have = 0 by a theorem of Grauert 

and Riemenschneider Hence we obtain: 


^ dimCoker(i7°(H^) ^ {WiQT^{\ogE))) - dimCoker(i7“(G 


O/'o"}') 
v> 




(24) 


We shall apply this identity to calculation of the Hodge numbers of branched 


covers 14 


mi 


of dB^ (cf. Prop. 


Definition 5.1 Let fi = 0be the equation of divisor Di and let tt : 0”+^ 

he a resolution of the singularities oflJDi (i.e. the proper preimage of the latter 
is a normal crossings divisor). Let Vmi,...,mr be the singularity having Vmi,...,mr 
as its link. Let V be a normalization of Xc^+i (cf- The ideal 

of quasiadjunction of type {ji,..., jr\mi, ...,mr) is the ideal A{ji,..., jr\mi, ....,mr) of 
germs 0 G C>o,C'*+i such that {n + l)-/orm.- 




(fzi ■ ... ■ zf"dxi A ... A dxn+i 




.. ■ z. 


rrir — l 


(26) 


on the non singular locus of 14ni,...,m,. after the pull back on V extends over the 
exceptional set. 

The l-th ideal of log-quasiadjunction 4l/(logi?)(ji,..., ...., m^) is the ideal 

of (j) G C>o,C"+i such that the the pull back of the corresponding form on V is 
\og-form on {V,E) having weight at most 1. 


Collection of ideals of log-quasiadjunction (which is finite, cf. 
define the following collection of subsets in the unit cube. 


16|| ) allows to 


Proposition 5.2 There exist a collection of subsets Vk, {k G /C) in the unit cube 

U = {((Cl, ...., Xr)|0 < (Cj < 1} 

in and a collection of affine hyperplanes 4((Ci, ...,Xr) = o.i such that each is 
the boundary of the polytope consisting of solutions to the system of inequalities: 

..., (c^) ^ 0^2 


and such that 


belongs to if and only if 


ji + 1 


mi 


fL±l) 

mr 


eU 


(26) 
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dimA{\ogE){ji,...,jr\mi,....,mr)/A{ji,...,jr\mi,....,mr) > 1 (27) 

Moreover 

dimAi{logE){ji, /Ai-i{ji ,> k (28) 

if only if belongs to a collection of certain faces G X^’^) of polytopes V^- 


or 


The proof is completely analogous to the proof of the proposition 2.2 in |]^ 
proposition 2.3.1 in [113 and details will be omitted. We shall record, however, the 


equations for the affine hyperplanes mentioned in proposition |5.2| . Let vr : 

Qn+i ^ resolution of singularities of U Di i.e. the irreducible components Ej of 
the exceptional set of tt and the proper vr-transforms of Dfs form a normal crossing 
divisor. Let, as in (0)> fi be the defining equations of Di. Let ordEj.7r*(/j) = aij 
and ordEjM{dxi A ... A dxn+i) = Cj. Finally for 

0 e A{\ogE){ji ,..., j0mi, ....,mr)/A{ji, ....,m^) 

for some array (ji, let 6^(0) = ordE^.7r*(0). Then (cf. |T7[] ): 

aij(l — xi) + ...arj{l — Xr) = ej(0) + Cj■ + 1 (29) 

is equation of the hyperplane containing a face of a polytope of quasiadjunction. 
Moreover, 0 G A(}ogE){ji,jr\mi, ....,mr) if and only if; 


tti j(l-) + ... + cir i(l-) ^ ej(0) + Cj■ + 1 

mi mr 


(30) 


In the case of ideal of quasiadjunction we have: 0 G A{ji, ...,jr\fni, ....,mr) if and 
only if: 

(31) 


ai j(l-) + ... + Or,7(1-) < 67(0) T Cj• + 1 

mi mr 


Hence the existence of 0 satisfying (^7]) is equivalent to ('^^,...,'^^) being so¬ 
lution to all inequalities (|30D with at least one of them being solution to equal¬ 
ity (pQl). Moreover, for 0 G M,(logi7)(ji, ■■■, "^r) the corresponding form 

uj^ G VLyifogE) has weight at most I if and only if 'q^) satisfies at most 

I equalities corresponding to components of exceptional divisor having Z-fold inter¬ 
sections. This yields the second claim of the propositon. 


Definition 5.3 The polytopes existence of which is asserted in the Proposition 


Xj are called the polytopes of guasiadjunction. 


One has the following description of the smallest element in the Hodge filtration of 
the cohomology of a link of singularity (^) in terms of polytopes of quasiadjunciton 
and their faces. 
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Theorem 5.4 A character of 7ri(dB^—dBt;n(lJi<i<r -Di) acting onWi{F^H^{Vmi,....,mr)) 
via the action of the Galois group has the eigenspace of dimension at least k if and 
only if it has the form: 


{exp27i\/^ai,exp27iy/—lar) 


where (ai,a,.) belongs to one of the faces of a polytope of guasiadjunction 

o/U A- 


The proof is similar to the proof in the case of reducible curves given in and 
will be omitted. 


Definition 5.5 Zariski closure of the image of a face of guasiadjunction will be 
called a principal component of the characteristic variety 14. Polynomial invariant 
of X is a generator of the divisorial hull of the first Fitting ideal of 7rn{dB^ — dB^ fl 
X) 0C. 


For k > 1 the varieties 14 may have codimension greater than one. We don’t 
know if the union of principal components is equal to the characteristic variety 14 
of 7r„(ciA — dB^ fl X) 0 C. However we shall conjecture the following (i.e. that the 
situation is similar to the one in the case of curves (cf. []4|)): 


Conjecture 5.6 Characteristic variety is a union of translated subtori of 
SpecC[7ri(ciA — dB^ FlX)] with each translations given by a point of finite order. 


This is the true in irreducible case since the roots of the characteristic polynomial 
of the monodromy are roots of unity. Conjecture is also true in the case of curves 
essentially since algebraic links are iterated torus links (cf. [|T7[|). 


6 Examples and Remarks 

Example 6.1 Let Li{xo, ...,Xn) = 0 i = l,...r be generic linear forms. Then the 
subset U Di in Qn+l 

given by: 

Li-...-Lr = t) (32) 


is the divisor with normal crossings except for the origin. The complement to divisor 
(Si) is C*-fibration over the complement in P"" to the divisor [j P{Di) given by the 
same eguation in homogeneous coordinates o/P"'. Hence 


ir„(C"+‘ - U A) = ir„(P” - U PA 


(33) 


Here the left hand side is considered as the module over while 

the right hand side is the Z[ti,ti^, — l)-module. 

The complement P” — U PA latter has the homotopy type of the n-skeleton of 
the torus (cf. j^) and hence is a (Z’',?7,) complex (cf. section \^ J. The 
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universal abelian cover has cell structure obtained by removing from the 7/ -orbits 
of interiors of faces of dimension greater than n in the unit cube. This shows that 
the chain complex of the universal abelian cover is the truncated Koszul complex 
corresponding to the system of parameters (t_l, ....,4 — 1) over the ring of Laurent 
polynomials R = Z[ti,tf^, — I)-' 

0 ^ A^-\R^) ....A\R) (ti - 1, U - 1)R ^ 0 (34) 

This yields that 

- U A) = - U A) = KerA"(RO ^ A^-\R^) (35) 


Hence we obtain the presentation for the homotopy group: 

- 1)'’) ^ A"(Z[ti,t]-\ A,t"^]/(ti..., A - 1)'') 


vrn(C"+'-UA)-^0 

In particular the support of — U A) is given by ti-.-.R = 1 


(36) 


Example 6.2 More generally, consider the cone over union of non singular hy¬ 
persurfaces Di^,...,Di^ in P" having the degrees degD^ = dk and forming there a 
divisor with normal crossings. Indeed, P"" is /{di, ...,dr),n) complex such that 
passing to finite cover yields the K-complex over a finite abelian cover which by 
is homotopy eguivalent to the wedge of spheres S'". Hence the support of the 
homotopy group is given by 

4^ ■ -1 = 0 (37) 


This result can be obtained using the method of previous section. Indeed, the 
cone singularity can be resolved by single blow up which yields the polytope of guasi- 
adjunction with the faces: 

diXi + ...drXr > I (38) 


Indeed if fi are the defining eguations of Di andcf G we obtain multEM{fi) = 

di, multE0 = r — I — 1, mvltMdxi A ... A dxn+i = n. It follows that the ideals of 
guasiadjunction are the powers of the maximal ideal and hence the claim The 

exponential map takes the union of the faces of guasiadjunction into the set 
having as its Zariski closure 


Remark 6.3 Multiplier ideals and log-canonical thresholds in terms of 
ideals of qnasiadjunction. Recall that for a divisor D in X one defines the 
multiplier ideal as J{D) = f^Oi^Ky — f*{Kx) — LA)) where f : Y ^ X is an 
embedded resolution of pair {X, D). Consider divisor = ff^ ■... ■ ff^ on C". 

We have = A{ji, ...,jr\mi, ....,mr) where 7 * = 1 - ^ 

The face of guasiadjunction corresponding to (j) = 1 can be described as the closure 
of the set of points ( 71 ,..., 7 r) in the unit cube such that the divisor X]i(l ~ 7 i)A is 
log canonical i. e. the face is formed by log-canonical thresholds. 
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